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In this work, we make the first step to derive non-radial pulsation equations in extra dimensions
and investigate how the f - and p1-mode frequencies of strange quark stars, within the Cowling
approximation, change with the number of dimensions. In this regard, the study is performed
by solving numerically the non-radial pulsation equations, adjusted for a d-dimensional space-time
(d ≥ 4). We connect the interior to a Schwarzschild-Tangherlini exterior metric and analyze the f -
and p1- mode frequencies. We found that the frequencies could become higher than those found
in four-dimensional space-time. The f -mode frequency is essentially constant and only for large
gravitational radius values grows monotonically and fast with the gravitational radius. In a gravita-
tional radius range, where f -mode frequencies are constant, they increase for space-time dimensions
4 ≤ d ≤ 6 and decrease for d ≥ 7. Regarding p1-mode frequencies they are always larger for
higher dimensions and decay monotonically with the increase of the gravitational radius. In extra
dimensions, as it happens for four-dimensional space-time, we found p1-mode frequencies are always
larger than the f -modes ones. In the Newtonian gravity, for a homogeneous star in d dimensions, we
observe that the f -mode eigenfrequencies are constant and given by the relation ω2 = lM Gd/R
d−1;
where l represents the spherical harmonic index, M Gd being the total star mass and R the stel-
lar radius. For some gravitational radius interval, we show that a homogeneous star in Newtonian
gravity is a good approximation to investigate the f -mode frequency of strange stars in the relativis-
tic frame. In each dimension considered, we find that the f -mode frequencies of strange stars are
essentially constant since they depend on the average star energy density that is almost constant
as a function of the total star mass. Moreover, for a fixed energy density, we also find that the
f -mode frequency changes with the volume of the unitary sphere in d− 1 dimension, which attains
its maximum value at d = 6. In neutron stars in four-dimensions, where the average energy density
of the star increase with the central energy density, the f -mode frequencies will increase with the
star mass. Thus, the possibility of measure in gravitational wave detectors the f -mode oscillation
frequency coming from compact stars with different pulsar masses and observe almost constant fre-
quency values, for d = 4, in the range f ∼ 2 − 3 [kHz] with M ≤ 1.8M, it would be a good sign
of the existence of strange quark stars that still lack an astronomical confirmation. Finally, if the
f -mode frequencies are still constant and different from the range values of d = 4 for larger total
masses, it would be evidence that quarks can propagate in extra space-time dimensions and strange
quark stars in d dimension could exist.
1. INTRODUCTION
The observation carried out by the LIGO and Virgo
collaborations, the Gravitational Waves (GWs) from a
binary black holes merger [1–3], turn out to be consistent
with foretold from general relativity theory. Shortly after
this measurement, GWs coming from a merging neutron
star pair was also detected [4]. The latter event, together
with its electromagnetic counterpart [5], has paved a new
route on fundamental physics to explore the astrophysical
observation.
Few years after Einstein’s theory of gravity was estab-
lished and influenced by the idea of a generalized theory
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of gravitation -which, in principle, would unify gravita-
tional and the electromagnetic force- Kaluza [6] and Klein
[7] argued that extra dimensions could be the route to-
ward a unified theory of gravitation. Many decades after
this proposal and motivated by the idea that GWs could
assist to prove the existence of extra dimensions, it has
been a great deal of interest in the physics community
for studying various astrophysical phenomena in extra
dimensions.
Within this gravity theory context, aiming to under-
stand the extra-dimensional space-time effect of some
phenomena on compact objects research, several theoret-
ical investigations have been carried out. For instance,
the implications of space-time dimension on static equi-
librium configurations [8–10], radial stability [11], com-
pactness [12–14] and gravitational collapse [15–18] of
compact stars have been widely investigated.
In particular, Refs. [8, 9] investigated the equilibrium
configurations in higher dimensional space-time, by solv-
ing the stellar structure equations. Thus, considering a
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2hypersphere composed by an incompressible fluid, it has
been found that the extra dimensions increase the to-
tal mass of compact objects. In this regard, in Ref. [10]
a comparative analysis of Boson and Dirac stars in a
d-dimensional space-time has been investigated. There,
the authors found that the solutions of gravitating matter
systems depend on the number of dimensions.
Inspired in the aforementioned works, within the ra-
dial perturbation approach, Ref. [11] investigated the sta-
bility of compact fluid spheres in an extra-dimensional
space-time. Considering a hypersphere composed of a
perfect fluid that follows the MIT bag model equation of
state, it has been shown that extra dimension affects the
radial stability of these objects. For a range of central en-
ergy densities and total masses, it is shown that the radial
stability of strange stars increases with the dimension.
Strange quark stars are a possible structure for compact
stars but quite different from neutron stars since they are
essentially self-bound stars, can have smaller radii, and
for bare quark stars, they present a sharp surface where
the energy density is not zero. In the MIT quark model,
this energy density at the star surface is directly related
to the bag constant (the deconfinement energy). These
compact objects and their radial stability have been stud-
ied [19, 20], and also anisotropic pressures and charge ef-
fects were investigated [21–23]. As mentioned in [11], the
stability of these stars in a higher dimensional space-time
could be associated with the fact that the deconfinement
density energy is present. These all stable equilibrium
solutions are far from reaching the Buchdahl limit [24]
for a d-dimensional space-time [12–14]. Thus, it is im-
portant to investigate the fluid pulsation modes of these
d-dimensional strange stars, and see how their frequen-
cies change when the space-time dimensions increase.
The Buchdahl bound for the d-dimensional case states
that the radius-mass ratio, i.e., the reason between R and
M Gd/(d− 3), of a compact object follows the inequality
(d−3)Rd−3/MGd ≥ (d−1)2/2(d−2) [12–14]. Certainly,
a compact object that violates this bound would result in
a gravitational collapse. The end outcome of a gravita-
tional collapse depends on the initial conditions imposed,
its final stage could be either a naked singularity or a
black hole [15–18]. It is worth mentioning that the influ-
ence of extra dimension on some black holes properties
have been also investigated; see, e.g., [25–32].
Although the influence of the extra dimensions was ad-
dressed in the aforementioned contexts, it is of interest to
see, within the Cowling approximation, how these could
influence the fluid pulsation modes from stable strange
stars in higher-dimensional space-time (review [11]). In
our knowledge, it is the first time that the nonradial pul-
sation equation in d space-time dimensions are obtained,
in Cowling approximation, and solved numerically. For
this purpose, we numerically integrate the hydrostatic
equilibrium equations [33, 34] and the nonradial pulsa-
tion equations [35, 36], properly modified to include the
extra dimensions.
We regard this paper as follows: The general relativis-
tic formulation in higher-dimensional space-time is shown
in Sec. 2; moreover, the steps to follow to obtain both
the stellar structure and the nonradial oscillation equa-
tions and the equation of state are displayed. The influ-
ence of the space-time dimension on the f - and p1-modes
frequencies (f - and p1-mode for short) are presented in
Sec. 3. Additionally, in this section, there is also pre-
sented the oscillation spectrum in the Newtonian limit.
We conclude and make some final remarks in Sec. 4. The
units in which c = 1 = G4, with c and G4 being re-
spectively the speed of light and the four-dimensional
gravitational constant, is adopted through the paper.
2. GENERAL RELATIVISTIC FORMULATION
IN HIGH DIMENSIONS
2.1. Field equation
The nonradial oscillations of neutron stars in higher di-
mensions within the Cowling approximation are investi-
gated in the framework of general relativity. For a frame-
work in high space-time dimensions, d ≥ 4, the Einstein
field equation can be represented through the equality
[37]:
Rµν − 1
2
gµνR =
d− 2
d− 3Sd−2GdTµν . (1)
The left side of Eq. (1) contains the Ricci tensor Rµν , the
Ricci scalar R and the metric tensor gµν . In turn, the
right hand side bears the universal constant Gd, in d = 4
it represents to the Newton’s gravitational constant, and
the area of unitary hypersphere Sd−2 = 2pi(d−1)/2/Γ((d−
1)/2), with Γ being the usual gamma function and the
factor (d− 2)Sd−2/(d− 3) corresponds to the 8pi term in
four dimensions. Moreover, Tµν depicts the perfect fluid
energy-momentum tensor given by:
Tµν = (ρd + pd)UµUν + pd gµν , (2)
where ρd and pd are respectively the energy density and
the fluid pressure and Uµ is the velocity of the fluid in a
d-dimensional space-time, where UµU
µ = −1.
All aforementioned Greek indexes previously defined
µ, ν, etc., run from 0 to d − 1, with 0 representing the
time, and the d− 1 the spacelike coordinates.
2.2. Static structure equations for a higher
dimensional space-time
To describe the static perfect fluid hypersphere, the
higher-dimensional space-time is assumed to be of the
form [11]:
ds2 = −e2ν dt2 + e2λ dr2 + r2
d−2∑
i=1
i−1∏
j=1
sin2 θj
 dθ2i , (3)
where the functions ν = ν(r) and λ = λ(r) depend on
the radial coordinate r only.
3To analyze the stellar equilibrium configurations of
compact objects, the stellar structure equations in d di-
mensions must be resolved. These equations could be
expressed through the equalities:
dm
dr
= Sd−2ρdrd−2 , (4)
dpd
dr
= −(pd + ρd)Gd
[
Sd−2pdr
(d− 3) +
m
rd−2
]
e2λ, (5)
dν
dr
= − 1
(pd + ρd)
dpd
dr
, (6)
where the metric function e2λ takes the form
e2λ =
(
1− 2mGd
(d− 3)rd−3
)−1
. (7)
Function m denotes the gravitational mass within the hy-
persphere of radius r. Eq. (5) is the Tolman-Oppeheimer-
Volkoff (TOV) modified from its original form [33, 34] to
introduce the effects of the extra dimensions [11].
The higher dimensional static structure equations are
integrated along the radial coordinate, from the center
to the surface of the object. In the center of the hyper-
sphere, we adopt the conditions:
m(0) = 0, λ(0) = 0, ν(0) = νc,
pd(0)Gd = pcdGd and ρd(0)Gd = ρcdGd.
(8)
The surface of the object r = R is reached when:
pd(r = R)Gd = 0. (9)
The parameters pcGd and ρcGd stand the central pres-
sure and the central energy density, respectively.
It is important to mention that, at the object surface,
the interior line element matches to the Schwarzschild-
Tangherlini vacuum exterior solution [38, 39]:
e2ν(R) =
1
e2λ(R)
= 1− 2M Gd
(d− 3)rd−3 , (10)
where MGd/(d− 3) represents the total mass of the ob-
ject.
2.3. Nonradial oscillations in the Cowling
approximation
The Cowling approximation in a four-dimensional
space-time [35, 36] is employed frequently in literature
on compact stars oscillations, e.g., Ref. [40, 41]. This ap-
proximation helps to simplify equations and, by having
a relatively small influence on the solutions, the results
obtained are qualitatively correct. Indeed, the Cowling
approximation shows a discrepancy of less than 20% and
10% to those obtained respectively by a relativistic nu-
merical approach for f and p1-modes [42]. This validates
its employment to investigate, for instance, the implica-
tion of the rotation rate [43, 44], crust elasticity [45] and
the internal anisotropy [46] in the fluid pulsation modes
from compact objects.
In this subsection, the f and p1-modes from strange
stars within the Cowling approximation in a d-
dimensional space-time are investigated. For such pur-
pose, we keep the metric functions fixed, namely, we con-
sider that the metric perturbation is zero δgµν = 0 [41].
The fluid pulsation equations can be derived by consid-
ering a variation on the Bianchi identity, δ(∇µTµν) = 0.
Keeping the metric functions fixed, we get:
∇µ (δTµν) = 0, (11)
with:
δTµν = (δpd + δρd)U
µUν + (pd + ρd) (δU
µ)Uν
+ (pd + ρd)U
µ (δUν) + δpd g
µν .
(12)
To investigate what does mean Eq. (11), it is necessary
to project it orthogonal and along to the d-velocity Uµ.
To project Eq. (11) orthogonally to the d-velocity Uµ,
it is multiplied by the orthogonal tensor Pσν = δ
σ
ν +U
σUν .
After some algebra, we derive:
(δpd + δρd)U
µ∇µUσ +∇σ (δpd) + UσUµ∇µ (δpd)
+ (pd + ρd)U
µ (∇µ (δUσ)−∇σ (δUµ)) = 0. (13)
On the other hand, the projection of Eq. (11) along the
d-velocity field Uν yields:
∇µ [(pd + ρd) δUµ] + (pd + ρd)Uµ∇µUν (δUν)
+Uµ∇µ (δρd) = 0. (14)
For the higher-dimensional space-time, it is conve-
nient to consider the Lagrangian fluid displacement vec-
tor components ς = (ςr, ςθ1 , . . . , ςθd−2) of the form:
ςr =
e−λ
rd−2
Q˜Y ml , (15)
ςθi = − Z˜
r2
i−1∏
j=1
1
sin2 θj
 ∂Y ml
∂θi
, (16)
where i goes from 1 to d − 2. In Eqs. (15) and (16),
the functions Q˜ = Q˜(t, r) and Z˜ = Z˜(t, r) depend of
both the temporal t and radial coordinate r, and Y ml =
Y ml (θ1, . . . , θd−2) represents the spherical harmonics for a
higher-dimensional space-time. Then, the perturbations
of the velocity of the fluid in a d-dimensional space-time,
δUµ =
(
0, δUr, δUθ1 , . . . , δUθd−2
)
, can be placed as
δUr =
dςr
dτ
= e−ν
dςr
dt
, (17)
δUθi =
dςθi
dτ
= e−ν
dςθi
dt
. (18)
It is important to say that Eqs. (15) and (16) are reduced
to the form used in [41] considering d = 4.
Taking into account that Uσ = (e−ν , 0, . . . , 0), the ex-
plicit form of Eq. (13) for σ = r, θ1 are, respectively:
(pd + ρd) e
2(λ−ν) d
2ςr
dt2
+ (δρd + δpd)
dν
dr
= −∂δpd
∂r
, (19)
(pd + ρd) e
−2νr2
d2ςθ1
dt2
= −∂δpd
∂θ1
. (20)
4From Eqs. (14) and (A.7), after some algebra, it is found
that δρd is given by the expression:
δρd
pd + ρd
= − Q˜
pd + ρd
dρd
dr
e−λ
rd−2
Y ml
−
(
e−λ
rd−2
∂Q˜
∂r
Y ml +
Z˜
r2
l(l + d− 3)Y ml
)
.
(21)
Considering that the fluid pressure depends on the energy
density pd = pd(ρd), we have:
δpd
pd + ρd
= − Q˜
pd + ρd
dpd
dr
e−λ
rd−2
Y ml
− dpd
dρd
(
e−λ
rd−2
∂Q˜
∂r
Y ml +
Z˜
r2
l(l + d− 3)Y ml
)
.
(22)
Since within the Cowling approximation the metric per-
turbation are neglected, the density perturbation sets to
zero δρd = 0, however, the pressure perturbation δpd is
not set to zero. Qualitative correct results can be derived
with this approach, see, e.g., [35]. Using the equalities
(21) and (22) with δρd = 0, Eqs. (19) and (20) can be
written into the form:
(pd + ρd)
rd−2
eλ−2ν
∂2Q˜
∂t2
−
(
dpd
dr
+
dρd
dr
)
dν
dr
Q˜ e−λ
rd−2
− ∂
∂r
[
pd Γ1
(
e−λ
rd−2
∂Q˜
∂r
+
Z˜
r2
l(l + d− 3)
)
+
Q˜e−λ
rd−2
dpd
dr
]
+
dpd
dr
(
1 +
dpd
dρd
)(
e−λ
rd−2
∂Q˜
∂r
+
Z˜
r2
l(l + d− 3)
)
= 0, (23)
(pd + ρd)e
−2ν ∂
2Z˜
∂t2
+ pdΓ1
[
e−λ
rd−2
∂Q˜
∂r
+
Z˜
r2
l(l + d− 3)
]
+
e−λQ˜
rd−2
dpd
dr
= 0, (24)
with Γ1 =
pd+ρd
pd
dpd
dρd
being the adiabatic index.
Assuming a harmonic dependence on time of the per-
turbative variables of the form Q˜(t, r) = Q(r)eiωt and
Z˜(t, r) = Z(r)eiωt, with ω being the eigenfrequency,
Eqs. (23) and (24) can be placed in a form more ap-
propriate for the numerical calculation. Considering
d[Eq. (24)]/dr-[Eq. (23)] in Eq. (24), we get:
dZ
dr
= 2Z
dν
dr
− e
λQ
rd−2
. (25)
On the other hand, from Eqs.(24) and (25), we obtain:
dQ
dr
=
dρd
dpd
[
ω2rd−2eλ−2νZ +
dν
dr
Q
]
−l(l+d−3)eλZrd−4.
(26)
It is the first time that these equations are obtained, and
to determine the oscillation spectrum of compact stars in
a space-time in high dimensions in the Cowling approxi-
mation, it is necessary to solve Eqs. (25) and (26). These
two differential equation are reduced to those derived in
[41] for a four-dimensional space-time.
To integrate Eqs. (25) and (26) from the center (r = 0)
to the surface of the hypersphere (r = R), the boundary
conditions have to be defined. In order to find regular
solution in the center, in a similar way as realized in
[41, 46], we consider that the functions Q and Z take the
form:
Q = Crl+d−3, Z = −C r
l
l
, (27)
where C represents a dimensionless constant. In turn, at
the surface of the object is found:[
ω2eλ−2νZrd−2 +
dν
dr
Q
]
r=R
= 0. (28)
2.4. Equation of state
For the fluid contained in the compact object, we con-
sider that both the d-dimensional energy density ρd and
pressure pd are related by a linear equation of state of
form [11]:
pd =
(ρd − dBd)
(d− 1) , (29)
where Bd is a constant. In four-dimensional space-time,
Eq. (29) displays the MIT bag model EOS. It is well-
known that this EOS represents a fluid composed of up,
down, and strange quarks. In [47], Witten has proposed
that the strange quark matter might be the true funda-
mental state of strongly interacting matter. This conjec-
ture is corroborated by Farhi and Jaffe [48] taking into
account massless and non-interacting quarks.
Due to the volume, the constant Bd and the functions
ρd and pd are dimension dependent units. With the aim
to have these units independent of the space-time dimen-
sion, those are used of the following form BdGd, ρdGd,
and pdGd. In such a form, the units of the aforemen-
tioned variables are [MeV/fm3].
In this article, following [11], we consider dBdGd =
240 [MeV/fm3]. It means that, for d = 4, the bag con-
stant is B4 = 60 [MeV/fm3]. It is important to say that
the bag constant considered is within the hadronic mass
spectroscopy interval [49], 60 ≤ B4 ≤ 90 [MeV/fm3].
3. RESULTS
3.1. Numerical method
To analyze the extra dimensions’ influence in the os-
cillation spectrum of compact stars, the stellar structure
equations, and the nonradial oscillation equations are nu-
merically solved from the center toward the surface of the
compact object.
5Once defined the EOS, the Eqs. (4), (5) and (6) are
solved for different dimensions d and central energy den-
sities ρcdGd. The numerical solutions begin by integrat-
ing Eqs. (4) and (5) from the center to the surface of
the compact object using the fourth order Runge-Kutta
method, for a value of d and ρcdGd.
After found the parameters pdGd, ρdGd, mGd and λ,
we solve Eq. (6) and then the nonradial pulsation equa-
tions (25) and (26) are integrated. The whole system
of equations are solved by using the shooting method as
described:
• In the case of Eq. (6), the method starts taking
into account a test value of νc. If after the integra-
tion the condition (10) is not attained, the process
is repeated until to find a νc that satisfy that con-
dition.
• The nonradial pulsation equations (25) and (26)
are numerically integrated. It begins considering
the correct coefficient of νc found, in the solution
of the stellar structure equations, for a certain value
of ρcdGd and d, l = 2 and a trial value of ω
2. If,
at the final of the numerical solution, the condition
(28) is not fulfilled, ω2 is corrected until satisfied in
the next integration.
The numerical method implemented in this work repro-
duces the results of reference [46], for the study of the f -
and p1-modes of a neutron star in the perfect fluid case.
3.2. Oscillation spectrum of relativistic strange
stars in a d-dimensional space-time
In Fig. 1, it is shown the behavior of the f -mode fre-
quencies as a function of the gravitational radius (see,
e.g., [29]),
rH =
(
2MGd
d− 3
) 1
d−3
[km], (30)
for some different space-time dimensions. In all cases pre-
sented, we only consider stable compact objects against
radial perturbations, see [11]. Note in the curves that
the f -mode are almost constant [50, 51] and only show
a fast increase for higher values of the gravitational ra-
dius. For d = 4, we can see that the frequency shows
a tiny small decrease with the gravitational radius until
it reaches its minimum value. From this point, the fre-
quency increases with rH . In turn, for d > 4, the f -mode
is essentially constant and for large gravitational radius
values grows monotonically with rH .
In Fig. 1 is also shown the influence of extra dimensions
in the f -mode. For a gravitational radius range, we see
that the f -mode increases in the dimensions 4 ≤ d ≤ 6
and decreases in space-time dimensions d ≥ 7 (see also
top panel of Fig. 3). Moreover, it is important to say
that, for all space-time dimensions considered, we note
that the f -mode frequencies are in the 2.38 − 3.18 [kHz]
0 1 2 3 4 5 62 . 3
2 . 5
2 . 7
2 . 9
3 . 1  d = 4 d = 5 d = 6 d = 7 d = 8  
f f [k
Hz]
r H  [ k m ]
FIG. 1: The f -mode frequency versus the gravitational radius,
for some space-time dimensions
range. These limit values of f -mode frequencies are re-
lated respectively to the lowest and highest value found
in the dimensions d = 4 and d = 6.
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2 1
2 6
3 1
3 6
4 1
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5 1  d = 4 d = 5 d = 6 d = 7 d = 8 
f p1[k
Hz]
r H  [ k m ]
FIG. 2: The p1-mode frequency as a function the gravitational
radius, for four space-time dimensions.
The dependence of the p1-mode frequencies with the
gravitational radius for four different space-time dimen-
sions is plotted in Fig. 2. Such as it happens in four-
dimensional space-time, in higher dimensions we found
that the p1-mode frequencies are larger than the f -modes
(check Ref. [52]). Further note that the p1-mode decays
monotonically with rH , thus attaining the lowest frequen-
cies of oscillation in the maximum gravitational radius
points. On the other hand, for a gravitational radius in-
terval, the p1-mode frequencies are also affected by the
increment of the space-time dimension. For higher di-
mensions larger p1-modes are derived.
The change of the f - and p1-mode frequencies with
64 5 6 7 8 92 . 3
2 . 4
2 . 5
2 . 6
2 . 7
2 . 8 f f = a f  d 3 + b f  d 2 + c f  d + e f
 r H = 1 . 0 r H = 1 . 5 r H = 2 . 0 r H = 2 . 5 r H = 3 . 0 U n i v e r s a l   
f f [k
Hz]
S p a c e t i m e  d i m e n s i o n s
4 5 6 7 8 91 0
1 8
2 6
3 4
4 2
5 0
5 8
f p 1 = a p 1  d 2 + b p 1  d + c p 1
 r H = 1 . 0 r H = 1 . 5 r H = 2 . 0 r H = 2 . 5 r H = 3 . 0   
f p1 [
kHz
]
S p a c e t i m e  d i m e n s i o n s
FIG. 3: The f - and p1-mode frequencies as a function of
the space-time dimensions are plotted on the top and bottom
panel, respectively. Circles represent the frequencies values
calculated with the shooting method. The curves and lines
are resulting from the polynomials fitting of third and second
order. In both cases are considered five different gravitational
radii.
the space-time dimensions have respectively schemed on
the top and bottom of Fig. 3. In the figure, there are
considered five different gravitational radii, as a function
of space-time dimensions. The results obtained, marked
by circles in figures (review also Table I), are connected
by a third and second-order polynomial fitting curvature
correlating f - and p1-mode frequencies with the space-
time dimensions, respectively.
In Fig. 3, in the upper panel, for the range of rH cho-
sen, the fitting curves that correlate the f -mode with d
are close to each other. This proximity in the curves is
related to the interval chosen for the gravitational radii
analyzed, where, in each dimension, the f -mode frequen-
cies values are almost constant and close to each other
(see Fig.1). For the mentioned gravitational radius range,
we note that there is a universality among these curves.
These can be represented by an “universal” curve that
connects all points (review Table II). As can be noted in
the figure, the f -mode frequency grows with the space-
time dimensions until attaining its maximum value close
to d = 6, after this point, the f -mode decreases with the
dimension. In the bottom panel, in all total gravitational
radii considered, we obtain that the curves derived for the
p1-mode frequency against the number of dimensions can
be reproduced quite well by a polynomial of second order
in d. In this mode, as found in the f -mode, we also ob-
serve a universality among all curves fp1 = fp1(d) (check,
again, Table II).
In Table I, we can see the values of frequencies for
f - and p1-modes shown in Fig. 3, for each space-time
dimension d and five gravitational radii.
In Table II, the constants of the fitting curves that
correlate f - and p1-mode frequencies with the space-time
dimension in Fig. 3, for each rH , are presented.
3.3. Oscillation spectrum of Newtonian
homogeneous stars in d space-time dimensions
In this subsection, we analyze the oscillation spectrum
of homogeneous stars in Newtonian gravity. We consider
that the energy density ρd = dBd is constant along whole
the star. In this limit, the integration of the static equi-
librium structure equations, the fluid pressure, and the
mass of the object within a radius r in d space-time di-
mensions are, respectively, described by
pd =
Sd−2Gd
2(d− 1) (dBd)
2 (
R2 − r2) , (31)
m =
Sd−2
d− 1 (dBd) r
d−1. (32)
It is important to say that, within the Newtonian grav-
ity, the non-radial oscillations in Cowling approximation,
Eqs. (23) and (24), follow the relations:
dZ
dr
= − Q
rd−2
, (33)
dQ
dr
= −Zrd−4l (l + d− 3). (34)
From these equations, to obtain regular solutions in the
center, in a similar way as considered in the relativistic
case, we regard:
Q = C2r
l+d−3, Z = −C2 r
l
l
, (35)
with C2 being a dimensionless constant. At the object’s
surface is found:[
ω2Zrd−2 − dpd
dr
Q
dBd
]
r=R
= 0. (36)
Considering Eqs. (31) and (32), this last equation yields:
ω2 =
lM Gd
Rd−1
. (37)
We must point out that when l = 2 for a four-dimensional
space-time d = 4, Eq. (37) is reduced to the obtained by
Emden, see, e.g., Ref. [53, 54].
7TABLE I: Values of the f - and p1-mode frequencies for four different rH . The units of the frequencies and gravitational radii
are, respectively, [kHz] and [km].
rH = 1.0 rH = 1.5 rH = 2.0 rH = 2.5 rH = 3.0
d f p1 f p1 f p1 f p1 f p1
4 2.4165 19.910 2.4039 16.789 2.3939 14.745 2.3862 13.237 2.3808 12.042
5 2.6784 29.411 2.6791 23.642 2.6843 20.141 2.6913 17.705 2.7010 15.867
6 2.7694 37.747 2.7771 29.327 2.7865 24.427 2.7982 21.126 2.8124 18.703
7 2.7438 44.856 2.7518 34.022 2.7617 37.844 2.7736 23.835 2.7880 20.913
8 2.6222 50.863 2.6291 37.905 2.6377 30.701 2.6480 26.018 2.6604 22.681
9 2.4282 55.932 2.4342 41.135 2.4409 33.022 2.4490 27.804 2.4586 24, 121
TABLE II: Values of polynomial fittings parameters of the f - and p1-mode frequencies as a function of dimensional parameter
d, for four different rH . We use third and second order polynomial fitting for f - and p1-mode, respectively. The units of all
fittings parameters are [kHz].
f −mode p1 −mode
rH af (×10−3) bf (×10−1) cf ef ap1 (×10−1) bp1 (×10) cp1 (×10)
1.0 4.9380 −1.5213 1.3232 −0.7575 −5.6208 1.4495 −2.9042
1.5 5.5806 −1.6656 1.4291 −1.0034 −4.5216 1.0713 −1.8741
2.0 6.1148 −1.7890 1.5217 −1.2207 −3.7948 0.8548 −1.3270
2.5 6.6250 −1.9080 1.6118 −1.4307 −3.2789 0.7133 −0.9937
3.0 7.1370 −2.0285 1.7033 −1.6420 −2.8926 0.6133 −0.7746
“Universal” 6.0791 −1.7825 1.5178 −1.2108
In addition, considering the relation (32) for r = R,
equation (37) can be reduced to the form:
ω2 = l dGd BdSd−2
d− 1 . (38)
Through Eqs. (37) and (38), the dependence of the
eigenfrequency of oscillation ω (or the f -mode frequency
of oscillation, since ff = ω/2pi) with the space-time di-
mension can be analyzed. In that way, these two equal-
ities are employed to investigate the dependence of the
fundamental mode frequency with the squared root of
the average density,
ρ¯ =
M Gd
Rd−1
[km]−2, (39)
and different space-time dimensions. In Newtonian grav-
ity, we can note that the f -mode frequency is directly
proportional to ρ¯1/2 with the proportionality constant√
l/2pi; see, e.g., [52, 55], for d = 4.
In Table III, the f -mode of oscillations of homogeneous
stars in Newtonian approximation considering l = 2, the
energy density 240 [MeV/fm3], and few space-time di-
mensions are presented. As can be seen in Table III, the
higher f -mode is determined in d = 6. This is easy ex-
plained since it is well known that the volume of the uni-
tary sphere (Sd−2/(d−1)) has a maximum for d = 6 [56]
and, as above mentioned, the eigenfrequency of f -mode
oscillation (Eq. (38)) depend on it. If we use a larger
Bag constant value, consistent with hadron spectroscopy,
such as 90 [MeV/fm3] [49] for d = 4, that corresponds to
a constant energy density of 360 [MeV/fm3], the f -mode
frequencies will increase by a factor of
√
360/240 = 1.2
because they are proportional to the squared root of the
average star density that goes with B1/24 as we can see
in Eq. (38). Thus, the f -mode oscillation frequencies for
homogeneous stars in d dimensions are still in a narrow
range, f ∼ 2.8− 3.3 [kHz].
d f [kHz]
4 2.4612
5 2.6714
6 2.7590
7 2.7337
8 2.6139
TABLE III: Eigenfrequency of f -mode oscillation of homoge-
neous star in Newtonian gravity for different space-time di-
mensions, l = 2 and constant energy density 240 [MeV/fm3].
From equation (38), we see that for a constant f -mode
frequency, the product GddBdSd−2/(d− 1) is equivalent
to 4G4B4Sd−2/(d − 1) (since dGdBd = 4G4B4). From
this relation, we note that the value of the constant
f -mode frequency for each dimension of the homoge-
neous star depends on the square root of the product
B4Sd−2/(d − 1). However, for any dimension, we can
separate the dimensional effect from the Bag constant if
we divide the constant f -mode frequency by the squared
root of Sd−2/(d−1). In this case, the normalized f -mode
8frequency will depend essentially only in the square root
of B4. Thus, if we change the value of the Bag con-
stant in d = 4, the new normalized f -mode frequency
will scale according to the square root of the new value
of the Bag constant in d = 4. The dimensional effects can
be separated if we calculate the ratio between the f-mode
frequency in one dimension with the other in another di-
mension, which will depend only on the square root of
the ratio between their Sd−2/(d− 1) volume factors.
3.4. f-mode frequencies of relativistic strange stars
and of Newtonian homogeneous stars
The main difference between Neutron stars and Quarks
stars is that for these self-bound compact stars, the av-
erage density is almost constant with the variation of
the total star mass for several relativistic strange quarks
stars, see Fig. 4 for any dimensions, and the homogeneous
density star is a good approximation. Since the star mass
grows with the homogeneous energy density times the
volume Sd−2Rd−1/(d−1) (see Eq. (32)), the f -mode fre-
quencies are almost constant for any strange quark star
(independent of their mass); unlike Neutron stars, where
in four-dimensional space-time, the f -mode frequencies
scale and increase with average star density and in par-
ticular with the stellar mass. Moreover, for quarks stars
with dGd Bd fixed, we obtain f -mode depends only on
the volume of the unitary sphere Sd−2/(d − 1). For in-
stance, in Table III, for dGd Bd = 240 [MeV/fm3], we
find that the larger value of the f -mode is attained in
d = 6 (5 spatial dimensions).
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FIG. 4: The f -mode for strange quark stars in the relativistic
formalism, normalized by the square root of the average den-
sity ρ¯ divided by 2pi2, i.e., (MGd/2pi
2Rd−1)0.5, as a function
of the gravitational radius.
The f -mode frequencies, shown in Fig. 1 as a function
of the gravitational radius, are almost constant and be-
gin to increase only for a large gravitational radius. In
four dimensions, we note that the f -mode frequency is
almost constant up to rH ∼ 5.0 [km] (in ∼ 1.7M). In
larger space-time dimensions, similar behavior of the f -
mode with the gravitational radius is found, the f -mode
remains approximately constant until rH ∼ 5.6 [km]. In
addition, in each space-time dimension, at the almost
constant f -mode frequency interval, we note that the f -
mode frequencies are very similar to those ones derived
for homogeneous stars in Newtonian gravity, see Table III
and Fig. 4. From this, we can understand that the quark
energy density is also almost constant inside the star for
any number of dimensions. Additionally, for d > 6, in
the almost constant f -mode frequency interval, we see
that the f -mode decreases with the space-time dimen-
sion. This is exactly the same dimensional dependence
of f -mode frequencies of a homogeneous star in the New-
tonian gravity (see, again, Table III). This implies that
the total quark star mass goes with the volume in d−1 di-
mensions and ρ¯ is constant for any d dimensions (almost
constant for a self-bound quark star in d = 4). Due to
the fact that the f -mode frequency is proportional to the
volume of the unitary sphere, we note that it diminishes
with the increase of the space-time dimension (for d > 6).
Thus, for a large dimension, the f-mode frequency tends
to zero, being this the minimum value that the frequency
can attain. This result seems very reasonable since the
star pressure goes with 1/(d−1) and, due to it decreases
with the space-time dimension, the star is more prone to
the gravitational collapse.
In Fig. 4, the f -mode of stable relativistic quark stars
-normalized by the square root of the average density ρ¯
divided by 2pi2, i.e., (MGd/2pi
2Rd−1)0.5- as a function
of the gravitational radius. For each dimension consid-
ered, for a range of rH , we see that the normalized f -
mode follows the constant Newtonian frequencies. At
this range of rH , we note that Eq. (38) is a good approx-
imation of the eigenfrequency squared for the relativistic
case. Furthermore, it is even more constant for higher
rH and approach the homogeneous star limit when the
dimension increase; only for large rH a fast decrease of
the f -mode with the gravitational radius is seen. These
results can be understood by analyzing the equation of
state, pd = (ρd − dBd)/(d− 1), where the fluid pressure
gets much smaller than the energy density since it de-
creases when the space-time dimension increases, due to
the factor 1/(d − 1). Thus, for large space-time dimen-
sions, the homogeneous star becomes a good approxima-
tion since pd << ρd and to the fact that the relations
MGd/(d − 3)Rd−3 [11] and Sd−2pd rd−1/(d − 3)m be-
come smaller with the grow of d. This indicates that,
for a sufficiently large dimension, the relativistic results
are similar to those ones derived from the homogeneous
stars in Newtonian gravity. From this result, as similar
happen on homogeneous stars in Newtonian gravity, the
f -mode frequency of oscillation in relativistic quark stars
could have much lower values for d >> 6.
The results of our model for d = 4 can be compared
with the parameters of strange star candidates. In Table
IV, we present the mass of strange star candidates and
the predicted total radius, compactness, and f -mode fre-
9SS candidate Observed mass M/M Predicted radius [km] M/R f [kHz]
Vela X-1 1.77± 0.08 [57] 11.17+0.01−0.04 0.235 2.4234
4U 1608− 52 1.74± 0.14 [58] 11.16+0.01−0.12 0.231 2.4164
PSR J1903 + 327 1.667± 0.021 [59] 11.11+0.02−0.02 0.222 2.4035
4U 1820− 30 1.58± 0.06 [60] 11.02+0.07−0.07 0.212 2.3930
Cen X-3 1.49± 0.08 [57] 10.91+0.02−0.12 0.202 2.3863
EXO 1745− 248 1.3± 0.2 [61] 10.58+0.34−0.35 0.182 2.3794
LMC X-4 1.29± 0.05 [57] 10.57+0.12−0.11 0.181 2.3791
SMC X-1 1.04± 0.09 [57] 9.98+0.23−0.25 0.154 2.3804
SAX J1808.4− 3658 0.9± 0.3 [62] 9.73+0.65−0.85 0.137 2.3839
4U 1538− 52 0.87± 0.07 [57] 9.49+0.22−0.12 0.136 2.3852
HER X-1 0.85± 0.15 [63] 9.42+0.48−0.32 0.134 2.3860
TABLE IV: Physical parameters of detected strange star candidates derived using the MIT EOS with B4 = 60 [MeV/fm3].
quencies using the MIT EOS with B4 = 60 [MeV/fm3].
Very different values of star masses in the range 0.85 ≤
M/M ≤ 1.77 have f -mode oscillation frequencies es-
sentially constant with values in a very small range
f ∼ 2.38 − 2.42 [kHz]. From these results, we can un-
derstand that if f -mode frequencies measured by grav-
itational wave astronomy are almost constant, for very
different pulsar masses, it is a good signature to identify
strange star candidates.
4. CONCLUSIONS AND FINAL REMARKS
In this work, we investigated how the oscillation spec-
trum change with the space-time dimensions in the con-
text of general relativity. Thus, we derived for the
first time the nonradial perturbation equations for a d-
dimensional space-time within the Cowling approxima-
tion. For the fluid, we consider that pressure and energy
density are related by a linear EOS, the MIT bag model
equation of state extended for d dimensions. We also as-
sumed that the interior solutions are connected smoothly
with the vacuum Schwarzschild-Tangherlini exterior so-
lution. We analyzed the oscillation spectrum only for
stable compact objects against radial perturbations [11]
for different gravitational radii, rH , and space-time di-
mensions, d.
By analyzing the properties of the oscillation spectrum
in strange quark stars, for a gravitational radius range
and some space-time dimension values, it is observed that
f -mode frequencies are almost constant and only show
a fast increase for higher values of the gravitational ra-
dius, in contrast with p1-mode frequencies that change
significantly with rH and d. From one side, for a range
of gravitational radii, we found that the minimum and
maximum f -mode frequencies were determined on the
dimensions 4 and 6, respectively. Moreover, for a range
of gravitational radii, the f - mode frequency dependence
with the number of dimensions d follows an universal
curve as a polynomial of third order in d. On the other
hand, at the same gravitational radii interval, we found
that the p1-mode frequencies grow significantly with d,
and the frequency dependence with the number of dimen-
sions can be reproduced quite well with a polynomial of
second order in d. As happens in d = 4, for d > 4, we
found that the f -mode frequencies are lower than those
ones obtained for p1-mode.
Within the Cowling approximation, the nonradial os-
cillation equations in the Newtonian gravity were also
analyzed. For this framework, we investigated the os-
cillation spectrum of a compact object made of homo-
geneous energy density, for such a case, it is considered
ρd = dBd=cte. along whole star. Such as it is found
in the four-dimensional case, for a d-dimensional space-
time, the eigenfrequency of oscillation of a compact ob-
ject also depends on its total mass M Gd and radius R.
Furthermore, since quark star mass goes with the vol-
ume in d dimensions, such as it happens in d = 4, the
eigenfrequency squared of the f -mode in the Newtonian
gravity is constant and depend only on the volume of the
unitary sphere (Sd−2/(d−1)), which has a maximum for
d = 6.
We prove relativistic f -mode frequencies for d ≥ 4,
that we have calculated here for the first time, are al-
most constant for any strange quark star independent of
their masses if M ≤ 1.8M. From this, for the gravita-
tional radius range where the frequencies are essentially
constant, we can also note that quark energy density is
also almost constant inside the star for any number of di-
mensions. This implies that for relativistic strange stars,
for any d dimensions, the total quark star mass still goes
approximately with the volume in d− 1 dimensions and
the average star density ρ¯ that is almost constant as a
function of the total mass.
It is important to stress that for neutron stars in d = 4
dimensions, the star mass increase when the stellar ra-
dius decrease and, as a consequence the average density
increases with the central density and is not constant,
which implies that f -mode frequencies increase with the
neutron star mass [40]. Thereby, the possibility of mea-
sure in gravitational wave detectors the f -mode oscil-
lation frequency emitted by compact stars [64–66], for
different pulsar masses, and obtain almost constant fre-
quency values, for d = 4, in the interval f ∼ 2 − 3 [kHz]
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with M ≤ 1.7M, it would be a good indication of the
existence of strange quark stars which still lack an astro-
nomical confirmation. Finally, if the f -mode frequencies
are still constant and larger than those values found in
d = 4 for a range of larger total masses, it would be a
sign that quarks can propagate in extra space-time di-
mensions and strange quarks stars in d dimension could
exist.
It is worth noting that strange quark stars with crust
are also investigated in the literature [67]. The crust on
the top of such stars could be supported by strong electric
fields at the surface. On that work, it is concluded that
the existence of a crust results in large radii for small
stellar masses ∼ 0.01M, but it does not considerably
affect the radii of quark stars with larger masses. There-
fore, the existence of a crust does not seem to have an
important effect on the quadrupole properties of the star
[67, 68] for quark star masses larger than one solar mass.
From these findings, our conclusion of f -mode oscilla-
tion frequencies being almost constant for very different
quark star masses should be still valid for strange quark
stars with the crust. This could be a good signature to
confirm the existence of strange quark stars, that still
lack an astronomical confirmation, and might be found
in gravitational-wave astronomy [66].
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Appendix: Divergence of the velocity
Within the Cowling approximation, the divergence of
the velocity ∇ν (δUν) is derived through the equality:
∇ν (δUν) = 1√−||g||∂ν
(√
−||g|| δUν
)
, (A.1)
with
√−||g|| being of the form:
√
−||g|| = eλ+νrd−2
d−3∏
i=1
(sin θi)
d−2−i. (A.2)
The divergence of the velocity is represented by the equal-
ity
∇ν (δUν) =
(
dλ
dr
+
dν
dr
+
d− 2
r
)
δUr + ∂r (δU
r)
+
d−2∑
i=1
∂θi
(
δUθi
)
+
d−3∑
i=1
(d− 2− i) δU
θi
tan θi
. (A.3)
In a similar way as defined in four dimensions, for a
higher-dimensional space-time, Eq. (3), the spherical har-
monic follows the identity [69]:
∆Sd−2Y
m
l = −l(l + d− 3)Y ml , (A.4)
where, following Ref. [70], ∆Sd−2 is given by the expres-
sion:
∆Sd−2 =
d−2∑
i=1
i−1∏
j=1
∂2θi
sin2 θj
+
d−3∑
i=1
i−1∏
j=1
(d− 2− i)cot θi∂θi
sin2 θj
.
(A.5)
Taking into account the fluid velocity component,
Eq. (18), after some algebra Eq. (A.4) is reduced to the
form:
d−2∑
i=1
∂θi(δU
θi)+
d−3∑
i=1
(d−2−i) δU
θi
tan θi
=
l(l + d− 3)
r2eν
∂Z˜
∂t
Y ml .
(A.6)
Replacing Eqs. (17) and (A.6) in Eq. (A.3), it becomes:
∇ν (δUν) = e
−(λ+ν)
rd−2
∂2Q˜
∂t∂r
Y ml +
l(l + d− 3)
r2eν
∂Z˜
∂t
Y ml .
(A.7)
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